A noninferiority (NI) trial is sometimes employed to show efficacy of a new treatment when it is unethical to randomize current patients to placebo because of the established efficacy of a standard treatment. Under this framework, if the NI trial determines that the treatment advantage of the standard to the new drug (i.e. S−N) is less than the historic advantage of the standard to placebo (S−P), then the efficacy of the new treatment (N−P) is established indirectly. We explicitly combine information from the NI trial with estimates from a random effects model, allowing study-to-study variability in k historic trials. Existing methods under random effects, such as the synthesis method, fail to account for the variability of the true standard versus placebo effect in the NI trial. Our method effectively uses a prediction interval for the missing standard versus placebo effect rather than a confidence interval of the mean. The consequences are to increase the variance of the synthesis method by incorporating a prediction variance term and to approximate the null distribution of the new statistic with a t with k − 1 degrees of freedom instead of the standard normal. Thus, it is harder to conclude NI of the new to (predicted) placebo, compared with traditional methods, especially when k is small or when between study variability is large. When the between study variances are nonzero, we demonstrate substantial Type I error rate inflation with conventional approaches; simulations suggest that the new procedure has only modest inflation, and it is very conservative when between study variances are zero. An example is used to illustrate practical issues.
Introduction
Clinical trials that employ a noninferiority (NI) design have become increasingly common; the aim is to demonstrate that a new drug's inferiority to a standard drug does not exceed some acceptable amount and hence the new drug is "non-inferior" to the standard. An NI design could be used when the primary question is truly how a new agent compares to a standard; a new drug may be less toxic or less expensive, so that a small loss in efficacy might be a reasonable trade-off. But, in the regulatory environment, in order for a drug to be licensed, superiority to placebo must be demonstrated, thus, the NI design is typically used when the primary goal is to determine if a new drug is superior to a "missing" placebo arm that is unallowable for ethical reasons. Historic data are first used to estimate the treatment effect of the standard truly consistent with a random effects model, then our procedure will have approximately correct Type I error rate, whereas existing methods, even the "conservative" 95-95 method, can lead to substantial inflation of the Type I error rate. We present a re-analysis of an NI study evaluating a treatment for metastatic colorectal cancer, based on a 10-study MA. The results using our approach are qualitatively different from the standard procedures.
Noninferiority trials under random effects meta-analysis

Main model
Let Y Si , Y Pi , and Y Ni be random variables representing the (possibly unobserved) summary statistics for the standard arm, placebo arm, or new treatment arm, respectively, from the ith trial, where i = 0 indexes the NI trial and i = 1, . . . , k indexes the k historic trials. Examples of summary statistics include the mean of a continuous variable, the log rate of an event, the log odds ratio for an event, or some other approximately normally distributed measure. We observe Y S0 and Y N 0 from the NI trial, and the Y Si and Y Pi from the i = 1, . . . , k historic trials. The value Y P0 represents the summary statistic from an unobserved "phantom" placebo arm in the NI study, while Y Ni for i = 1, . . . , k represent the unobserved summary statistic from a "phantom" arm of the new treatment for the ith historic trial. We assume a standard random effects formulation for the three summary measures: 
and for an arbitrary pair A, B, we have
Bi . Let ρ be the correlation between δ S Pi and δ N Pi , and we will not need notation for the other correlations.
In the ith historic trial, the SP treatment effect is S P + δ S Pi . Here, S P is the average effect over all studies, whereas δ S Pi is the deviation from that average for study i. For example, patients in study i may be a bit sicker than in other studies and the benefit of S over P may be greater for the sickly, thus δ S Pi might be larger than zero. The parameter τ 2 S P is the variance of these SP deviations over the historic studies. Similarly, in the NI trial, the NS treatment effect is N S + δ N S0 .
The fundamental problem of this paper is that we are interested in the NP treatment effect from a study, but D N Pi is not observed in any trial. From the model, we know that conditionally,
, and unconditionally,
From the historic trials, we use a weighted mean of the D S Pi . Let
where W i = w i / j w j and w i = (σ 2 S Pi + τ 2 S P ) −1 . So that if the variances were known, then
where
Combining (2.1) and (2.2), along with the identities N P = N S + S P and δ N Pi = δ N Si + δ S Pi , and the independence between the historic and NI studies, we get (assuming known variances)
Additionally, by using standard results for conditional normal random variables, we show in Section 1 of the supplementary material available at Biostatistics online that under the strong null that the new treatment is identical to placebo in all k + 1 studies, and assuming known variances that 
Testing with unknown variances
In practice, we must estimate the weights, w, as well as the variances used in the denominator of T ,
In general, we will use the hat notation to denote that all the variances in an expression are replaced by estimates. For example, 6) whereˆ N P = D N S0 + D S P (ŵ); the study-specific variance estimates,σ 2 N S0 andσ 2 S Pi , are estimated from within the appropriate study; andτ S P is the (Paule and Mandel, 1982) MA variance estimator (details in Section 2 of the supplementary material available at Biostatistics online).
The impact of the estimation of those variances on the distribution ofT needs to be incorporated. If σ 2 S Pi and σ 2 N S0 are tiny compared to τ 2 S P , then we can treat those variances as zero, so that W i is approximately 1/k for all i, andτ 2 S P approximately reduces to the sample variance of the D S Pi (see Section 2 of the supplementary material available at Biostatistics online). Under tiny σ 2 S Pi and σ 2 N S0 , we also have V S P ≈ τ 2 S P /k, so that analogous to the standard derivation of the t-test, one can show thatT is approximately distributed t with k − 1 degrees of freedom. Section 3 of the supplementary material available at Biostatistics online gives a fairly general estimate of degrees of freedom requiring fewer assumptions but giving a more variable degrees of freedom estimator. Stabilization of that variable estimator leads back to the k − 1 degrees of freedom estimator. Thus, comparingT to a t distribution with k − 1 degrees of freedom is our recommended approach and will be called the full random effects (FRE) test.
We briefly mention an alternate approach. There has been considerable work on making inferences from the random effects model identical to our standard versus placebo MA model when the σ S Pi are not assumed equal (see review of Sutton and Higgins, 2008) . We incorporate one of those methods, the one described in Hartung (1999) , into our problem and describe the results in the supplementary material available at Biostatistics online Section 4. Unfortunately, similar to the simulations in Hartung (1999) , our simulations show that the Type I error is often anti-conservative (with 0.025 nominal values as large as 0.05); thus, we do not recommend this approach.
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Proposed method compared to conventional ones
We compare the FRE test to the traditional methods of analysis when they are based on MAs with random effects (see, e.g. Food and Drug Administration, 2010). The synthesis method uses
as a test statistic. Z 0 eliminatesτ 2 S P from the denominator ofT and thus |Z 0 | |T |. The two approaches differ because our goal is to reconstruct the missing placebo arm in the current NI trial, while the synthesis method compares the NS effect in the NI trial to the average SP effect over all historic studies. Additionally, the synthesis method uses a standard normal null, while the FRE uses a t k−1 . Under a fixed effects approach τ 2 S P is known to be zero and bothT and Z 0 reduce to the same statistic which can be compared to a standard normal null. Finally, Snapinn (2004) shows that the 95-95 method reduces to comparing
to a standard normal distribution. This is smaller in absolute value than Z 0 but can be larger or smaller thanT in absolute value. As with the synthesis method, a standard normal null is used.
Simulations
We simulate rejection rates under the null for the various procedures. We assume S P = 1 and further assume that each patient's outcome follows a normal distribution with true standard deviation, φ, of 2.15 or 5 (to clarify, the notation φ relates to previously introduced notation such that σ 2 = 2φ 2 /n, where n is a per group sample size). We let k equal 2, 3, 5, or 10, and we let τ S P equal 0, 0.3, 0.7, or 1. The per group sample sizes in the historic studies vary uniformly from 50 to 150 (e.g. when k = 5, the sample sizes are 60, 80, 100, 120, and 140), and the per group sample size in the NI trial is 350. These parameters are chosen, in part, to yield standard errors that are similar to those seen in a later section, except scaled so that S P = 1. The correspondence occurs with the true standard deviation, φ, of 5 and τ S P of 0.7. We also include a standard deviation of 2.15 as this corresponds to 90% power in each historic study, which may be more typical in practice. Note that our simulation results apply more widely; for example, our simulation results with φ of 5 and τ S P of 0.3 also apply to the following set of parameters: S P = 5, φ of 25, and τ S P of 1.5. All parameter combinations are simulated with 100,000 replications. For each replication, we simulate an MA and an NI trial; that is, we generate k treatment effects with corresponding standard errors and an NI trial treatment effect. The results are shown in Table 1 , where the nominal rate is 0.025.
While the synthesis method has appropriate Type I error when τ S P = 0, this inflates dramatically as τ S P increases. The 95-95 method, which is generally viewed as conservative, is indeed conservative when τ S P = 0, but even this procedure is associated with large inflation as τ S P grows. For both these methods, the inflation gets slightly worse as k increases and is clearly worse for the smaller value of the standard deviation φ. The Type I error for the new FRE statistic is much closer to the nominal level, although it has some relatively modest inflation in some of the parameter combinations (this inflation would not occur had the simulation been done with equal sample sizes across the studies). Furthermore, the rejection rates for the FRE procedure are sometimes well below 0.025 when τ S P = 0 or when both τ S P and k are small. We believe this conservatism is inherent that this is the price one must pay for the test procedure to have correct Type I error for any possible value of τ S P . Finally, the range of values forτ S P illustrate the imprecision of these estimates. We do not present simulation results comparing the approaches for power, as the previous simulations indicate that the synthesis and 95-95 methods do not control the Type I error rate if there is a possibility that τ S P is greater than zero and are thus not viable under full random effects. In the next section, we present a power formula for the new procedure.
Prediction interval, power, and choice of study design
When planning an NI study, we would have results from the completed MA already at hand. Typically, we will want to calculate a prediction interval for S P + δ S P0 as well as the power of the NI trial to detect a difference between the new treatment and placebo. Formulas are derived in Section 5 of the supplementary material available at Biostatistics online. An approximate 100(1 − α)% prediction interval for S P + δ S P0 is given by E. H. Brittain and otherŝ
Power can be calculated by ⎛ 8) where is the standard normal cumulative distribution (We note that this power formula could also be reformulated as a function of τ 2 N S using (2.3). Under this approach, the δ N S0 term is eliminated, and τ 2 N S would be added to σ 2 N S0 in the denominator.). If an MA leads to a prediction interval (see (5.7)) that straddles the null, then the numerator (5.8) is less that 0 (under the usual assumption that N S +δ N S0 = 0) and power for our test procedure would be <50%, even with an infinitely sized NI trial unless the new drug could be assumed to be better than the standard. If that were the case, the usual test of superiority of new over standard might be more powerful. So, if confronted with a wide prediction interval, it would be prudent to evaluate the power under both these approaches to determine the most efficient strategy.
We note that under our random effects, the power formulas for the existing approaches mimic (5.8),
except that, when α = 0.05, the negative term in the numerator is replaced by 1.96 σ 2 N S0 +V S P for synthesis and 1.96 σ 2 N S0 + V S P for 95-95. When using the synthesis or 95-95 procedures if the confidence interval from the MA straddles the null value, then the power will be <50%, which, of course, will occur much less frequently than the prediction interval straddling the null.
Thus, the implication of using a true random effects approach is that some MAs, which would have supported an NI trial using the previous procedures, will no longer do so. And, even where the NI is still supported, the sample size requirements will typically be greater and often substantially so.
There are, however, some plausible scenarios where the required sample size for the new procedure is lower than the 95-95 method which is currently recommended because of its supposed conservatism. As a rough rule of thumb, this generally occurs whenτ S P = 0 and k is at least six. As k further increases, as long asτ S P is sufficiently small, the required sample size for the new procedure is likely to be smaller than that of 95-95. Similarly, whenτ S P = 0, and k gets large, the new procedure and the synthesis method converge.
Testing that new treatment is a factor of standard
We assume that the new treatment acts like a dilution or concentration of the standard treatment. This assumption implies that the new treatment cannot be worse than placebo. Although this is restrictive, it does allow us to model some key cases. In terms of the parameters in our model, this means that N P = γ S P and δ N Pi = γ δ S Pi for i = 0, 1, . . . , k. If γ < 1, then this represents the new treatment acting like a diluted (i.e. weakened) standard and if γ > 1 this represents the new treatment acting like a concentrated (i.e. stronger) standard. This assumption implies that τ 2 N P = γ 2 τ 2 S P and ρ = 1, so that τ 2 N S = (1 − γ ) 2 τ 2 S P . The value γ = 0 reduces to a null hypothesis model where the new treatment acts like placebo. When γ = 1 this means that the new treatment is acting exactly like the standard treatment, and we see that the last term drops out of V N P . When 0 < γ < 1, then the new treatment retains γ of the standard effect.
Ideally, we want to estimate γ and test that it is greater than some factor, say γ 0 = 0.5. We consider testing H 0 : γ = γ 0 . Using the assumptions above, under the null hypothesis since
Let V γ 0 be V γ 0 with the estimators for σ 2 S Pi and τ 2 S P replacing their values. We can then perform the hypothesis test by assuming, similarly to Section 3, that
is distributed t with k − 1 degrees of freedom. We can get confidence intervals for γ by inverting the hypothesis tests. In other words, the 95% confidence interval is the values of γ 0 which would fail to reject the two-sided point null hypothesis that H 0 : γ = γ 0 . Further we can use a median unbiased estimator using the confidence intervals. Specifically, defineγ as the value of γ 0 such that the one-sided p value is 0.5 (see, e.g. Read, 2006) .
Example
Original data
The FDA presents several examples as part of their new Guidance on NI trials (Food and Drug Administration, 2010). In this section, we present our re-analysis of their "Example 4," which considers NI trials designed to assess the efficacy of Xeloda, an oral fluorpyrimidine, as a first-line treatment of metastatic colorectal cancer. An early treatment 5-fluoracil (5-FU), an infusional fluoropyrimidine, had not been proven to have efficacy in survival in this setting. However, a combination product, 5-fluorouracil with leucovorin (5-FU + LV) had a demonstrated survival advantage, and this regimen was the standard of care at the time the NI trials were designed. Numerous randomized trials of 5-FU + LV versus 5-FU alone were conducted, and the FDA Guidance summarized the 10 studies used in the MA which supported the use of the NI trials. As the FDA Guidance notes, since 5-FU may have some efficacy, this MA may lead to a conservative estimate of the 5-FU + LV treatment effect. Thus, even though 5-FU is not a placebo, for the purposes of our discussion, we hereafter refer to 5-FU as "Placebo," 5-FU + LV as "Standard," and Xeloda as "New." The summary of the trials that comprise this previous MA is seen in Fig. 1 and Table 2 , adapted from Table 8 on page 54 of the FDA Guidance (Food and Drug Administration, 2010). Of course, a licensure decision involves many aspects that are not touched upon in this section, and we use Example 4 only to illustrate how our method could be used. Furthermore, as already noted, we treat the 5-FU as a placebo in the analysis; if this regimen had some activity, our analysis would be conservative. Thus, our analysis might be viewed as providing an upper bound on the p value for NI.
We present the summary statistics associated with this MA, using a random effects model in Table 3 . We note that all calculations are done on the log HR scale. The MA has two outlying studies, the third trial with an HR estimate of 0.78, and the final trial with an estimate of 1.95. Our re-analysis focuses exclusively on the second NI study of "Example 4" presented in the Guidance; Table 2 includes the results of this trial. Our point estimate of the log HR for Placebo/New is 0.318 (i.e. the numerator of the new test statistic), with the corresponding HR estimate of 1.375. Table 4 provides the results associated with the three methods of analysis (see rows labeled "ALL" data), where one-sided p values <0.025 are considered statistically significant. The synthesis method is highly significant, the 95-95 is just barely significant, and the new FRE test is not statistically significant. Under the assumption that the observed estimates for S P and τ S P match the true parameters, the penultimate row of Table 1 provide the approximate Type I error for the three procedures. These rejection rates are 0.037, 0.059, and 0.131, for FRE, 95-95, and synthesis, respectively, where 0.025 is the nominal level. Thus, although there is some relatively modest inflation for the FRE procedure, the inflation is significant for 95-95 and very substantial for synthesis.
As the prediction interval straddles the null, this NI trial is very underpowered for the FRE test. Consider the case where we assume that the new is exactly equivalent to the standard, then the power is near zero for both the FRE test and for the usual new versus standard superiority test. Even if we assume that the new drug is 50% more efficacious than the standard, then the power would be only 0.12 for the FRE procedure and 0.27 for the usual new versus standard superiority test. Thus, in practice, if we were charged with designing a trial to determine efficacy of the new drug, and we assume a random effects model, a larger advantage of the new drug to the standard would need to be assumed to have adequate statistical power. Indeed, one might opt to consider the usual superiority comparison of new to standard as the primary analysis. If the new treatment is likely to have similar efficacy to the standard, then the study designers would need an alternate study paradigm to test efficacy of the new treatment.
In order to illustrate some alternate examples, we re-analyze the NI trial above, but where the MA is based on subsets of the original 10.
Subset of original data with statistically significant result
The above example yields a prediction interval that straddles the null, and the NI study test is not statistically significant. Simply to illustrate, we repeat the analysis, but this time omitting the third historic trial, to present an example with a statistically significant result using our approach. This historic study has a large impact on the MA; and if it had never been conducted, the MA of the remaining nine trials would have led toD S P = 0.286, V S P = 0.058,τ S P = 0.041, and the prediction interval for the HR is (1.13, 1.57). This MA result would lead to a much higher power for the new test procedure in the NI trial compared to the previous example; with the assumption that the new treatment has the same true efficacy as the standard in the NI trial, the power would be 0.63, and with a 50% improvement in treatment effect over the standard, the power approaches 100%; the corresponding powers for testing superiority of new to standard would be much lower. Under this artificial scenario, the results of the NI trial would yield a p value of 0.0053 for the test of efficacy of new versus placebo. Table 4 exhibits the results for the three procedures (see the rows labeled "Omits MA 3"); it is interesting to note that the p values for the new FRE procedure and for 95-95 are now identical. (If we further exclude the other outlying trial, MA10, the p value for FRE would be 0.009 and for the 95-95 would be 0.013.)
If we believed that the new drug were a dilution of the standard, such that we could assume the model described in Section 6, we could evaluate γ , the factor of the standard. The test of 50% retention would have a p value of 0.021,γ 0 would be 1.30, and the lower bound of the confidence interval would be 0.551. Thus, if the third historic trial did not exist, one could conclude the new drug is superior to placebo and that it retains at least 55.1% of the benefit of the standard regimen if the new treatment is a dilution of the standard.
Discussion
NI studies have substantial vulnerabilities beyond the issues focused upon in this paper. These trials rely on "constancy"; that is, the design and underlying conditions of the NI trial must be completely consistent with the historic studies and that the treatment effect remains unchanged over time (Fleming, 2008; Food and Drug Administration, 2010) . If the constancy assumption is not met, there is no statistical procedure that gives the correct Type I error rate. Some authors have advocated "discounting," a sort of fudged conservatism, as a means to deal with any potential inconsistencies. This is the basis for the common use of the 95-95 method, which is known to be conservative under the fixed effects model when there is constancy. Under the random effects model with constancy, our procedure will have approximately the correct Type I error rate, while existing methods can lead to substantial inflation of the Type I error rate, even the 95-95 method that is thought to be conservative. If there is good reason to question the constancy assumption and there is little ability to quantify deviations from this assumption, we strongly recommend employing innovative superiority trial designs instead of NI trials. We see no contradiction between the constancy assumption and a random effects model, as long as the distribution of true treatment effect of the standard remains constant over time. In a setting where constancy is a reasonable assumption, and a random effects model is needed, we recommend using our procedure. Indeed, we believe that it typically would be difficult to justify an assumption of fixed effects a priori.
Our focus is on the comparison of the new drug to placebo. In the regulatory environment, this is an essential requirement; however, sometimes, similar efficacy to the comparison drug is also important to show, and this can lead to a more stringent standard (see Food and Drug Administration, 2010 and Snapinn and Jiang, 2008 for perspectives) . This goal can be incorporated into the analysis, and one approach that may be appropriate is discussed in Section 6. On the other hand, there are public health settings where the goal of an NI trial only relates to the comparison of the two established drugs being studied, and our method is not relevant to that setting.
Selection of studies to include in the MA obviously strongly impacts our method. As seen in the example, when one outlying historic study out of 10 was omitted, the one-sided p value dropped from 0.074 to 0.005. These sorts of sensitivity analyses are especially important with the new procedure. If an effective argument can be made that a particular trial does not really fall in the population of studies of interest, then this study should be omitted from the MA. Of course, such arguments, even if made prior to conducting the NI trial, may be self-serving.
Our method assumes normality of several processes including the distribution of the random effects of the studies. For standard parameter estimation and inference, the central limit theorem ensures that departures from the distributional assumptions on the errors generally do not overly influence the results. On the contrary, prediction of effects is not as robust to departures from distributional assumptions (see McCulloch and Neuhaus, 2011) . Thus, it would be useful to employ some sensitivity analyses. One possible strategy would be to re-analyze the data using a parametric bootstrap, where one bootstraps the δ S Pi values using some non-normal distribution.
If one knew the true value of τ S P , one could modify our test statistic, by replacing the estimate with the known value and obtaining the p value from a standard normal instead of a t-distribution. So, as another type of sensitivity analysis, we can compute this p value for all possible values of τ S P . This allows us to determine the maximum value of τ S P that yields statistical significance, where such value exists. This analysis can provide important context in situations where the MA leads to an estimate of τ S P that seems questionable. In addition, this approach is perhaps the most straightforward way to handle the situation of a single historic study.
The practical consequences of using our new method compared to the existing approaches are significant. For example, unlike the analysis presented in Section 7, there will sometimes be only two or three placebo control trials, which could often lead to insufficient power with our method. For this and other reasons, this full random effects approach will sometimes lead to the inability to design an NI trial with adequate power and will sometimes require much larger studies when NI studies can be properly powered. However, this is much better than observing a spurious result. If the fixed effects model really is true, and we apply our method, even where we correctly estimate τ to be zero, the new procedure would have the same test statistic as the synthesis method but will have a larger p value because it employs a t-distribution instead of a standard normal. These unfortunate losses in efficiency have to be weighed against the reverse situation, where the random effects model is true, and we have inflated Type I error rate with the existing procedures. That is, protecting against inflated Type I error rate under random effects leads to less efficiency when the effects are not random. We do not think the poor power is a weakness of our method, but rather a reflection that unless there are a sizeable number of historic studies or some clear-cut rationale for fixed effects, it is inherently difficult to have good statistical power with valid inference.
In the regulatory arena, patient level data would not typically be available for the MA because of proprietary considerations. However, Piedbois and Buyse (2004) describe the many advantages of individual data and call on regulatory agencies to promote this approach. Given the importance of reliable MA results to our NI procedure, such data, if available, would be helpful. Furthermore, when our approach is not feasible, we encourage consideration of an alternate strategy. One could determine the effect of baseline covariates, preferably at the individual level, on the standard versus placebo treatment effect in some rigorous manner, such that the default assumption of a pure random effects model is less necessary. For example, if we can learn from the historic trials that patients with a particular risk factor have a much larger treatment effect than those without; this information could improve our ability to predict what the standard versus placebo effect would be in the NI trial and may minimize or eliminate random study-to-study variability. This strategy could lead to much more efficient analyses of NI trials than the full random effects approach.
We urge designers of NI clinical trials to recognize that the methods in current use can lead to false conclusions of efficacy when there are true random effects. We believe our procedure represents an important advance in this arena.
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